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The paper describes a simple but general method for solving ‘steady-state’
problems involving internal gravity waves in a stably stratified liquid. Under
the assumption that the motion is two-dimensional and that the Brunt-Vaiséld
frequency is constant, the method is used to re-derive in a very simple way the
solutions to problems where the boundary of the liquid is either a wedge or a
circular cylinder. The method is then used to investigate the effect that a model
of the continental shelf has on an incident train of internal gravity waves.
The method involves analytic continuation in the frequency of the disturbance,
and may well prove to be effective for other types of wave problem.

1. Introduction and summary

The paper describes a simple but general method for solving steady-state
problems involving internal gravity waves in a stably stratified liquid. It will be
assumed that the motion is two-dimensional, and that the Brunt-Viisild
frequency NV of the stratified liquid is constant, but neither of these assumptions
is necessary for the success of the method.

Consider a line source of waves having the time variation exp{—iwt} in a
stratified liquid that is bounded by certain rigid surfaces, some of which may
extend to infinity. The resulting waves will be internal gravity ones if v < N;
and we wish to derive the steady-state solution for this case. The problem is
complicated by the necessity of satisfying the Sommerfeld radiation condition,
and, unless the boundaries are very simple, its formulation involves a number of
coupled integral equations (Robinson 1970a,b; Baines 1971a,b). However,
the problem is considerably simpler when w > N, and here this case is considered
first. The field equation is then elliptic, and a simple transformation in conjunc-
tion with the powerful method of conformal representation may be used to
derive the solution that satisfies the Sommerfeld radiation condition for many
different sorts of boundaries. This solution will be an analytic function of w + ¢,
where ¢ is a small positive number, so that analytic continuation may be used to
obtain the solution when w < N. Knowing the solution for a source, we may use
distributions of sources to solve problems in which there is an incident wave
and/or a prescribed motion of the boundaries.

The plan of the paper is as follows. Section 2 gives the basic equations, and the
general procedure for determining the Green’s function. Section 3 gives details
of the Green’s function for a wedge of stratified liquid. Only minor changes in the
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Ficure 1. Notation.

method are needed to obtain the eigenfunctions instead of the Green’s function,
and this is illustrated in §4 for the case of a circular cylinder. Section 5 describes
an investigation of the effect that a model of the continental shelf has on an inci-
dent train of internal gravity waves.

2. A general method for determining the Green’s function

We consider the two-dimensional motion of an inviscid, stably stratified
liquid whose Brunt-Viisild frequency N is constant, and take Cartesian axes
Oxy in the plane of the motion, where Oz is horizontal and Oy is vertical. We
suppose that the liquid is bounded internally by a solid cylinder whose trace in
the Oxy plane is the closed curve C, and that there is a line source of strength
exp { — it} at the point (z,, ;) which is outside C (see figure 1). A stream function

& = Yz, y; w)yexp{—iwt} (2.1)

(which we shall refer to as the Green’s function) exists, in terms of which the velo-
city components (u, ) are given by
op o
% .

T T (2.2)
When v < N, the waves that occur will be internal gravity ones, and i will satisfy

the hyperbolic equation Py
W T (2.3)

N2
where =51 (2.4)
and the boundary conditions,

Yr=00nC, (2.5)
and a ——1 =79 pear 2.6
O,— 0 ol (2. )
where O_ = xS f + Y CO8 Y, 9.7
o, = xsing—ycosyu, (2.7)

p = cot™ly (2.8)
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(Hurley 1969), and the subscripts s denote values at the source point. ¢ must also
satisfy the Sommerfeld radiation condition.
The required solution will be of the form

¥ =flo)+glo), (2.9)

where f and g are complex-valued functions. The radiation condition may be
satisfied by replacing win (2.1) and (2.4) by w + i€, € > 0, determining the required
solution ¥ (z, y; w +i€), and then taking the limit ¢ - 0 of it. Physically this cor-
responds to allowing the motion to grow gradually from zero like exp {et} (Light-
hill 1966). To the first order in ¢, (2.4) becomes

, (2.10)

and, if this expression is substituted into (2.3), it is found that both the real and
the imaginary parts of i satisfy

{(lﬁ_ )2 51174_62}@4_11_2(1_\7_2_ )__f?i+i"_o (2.11)
w? w® | oxt w? X2yt oyt '

Now (2.11) is elliptic for all real values of w, so that its solution ¥ (z, y; w +1€)
will be analytic in « and y (see e.g. Bers, John & Schechter 1964, p. 136). Thus, in
particular, analytic continuation in z and y (with ein (2.10) # 0) may be used to
determine those branches of the logarithms in (2.6) that are appropriate to the
various regions of the Ozy plane. Also, {(z, y; ), being the response of the system
to a disturbance having frequency w, has the nature of a Fourier transform,
and may therefore be expected to be an analytic function of the complex variable
w+1i€ (see e.g. Carrier, Krook & Pearson 1966, p. 301). However, a rigorous
proof that this is so in the general case is not needed, because, for any particular
problem, we shall determine y(z, y; w + i€) explicitly, and its analyticity in @ + ¢
will be apparent. Thus, in particular, it is clear that analytic continuation in @
may be used to derive the solution of (2.11) for the case w > N from the solution
for the case w < N, and conversely.

Now, if we replace w by w+1ie in (2.3)-(2.9), let w take values greater than N
and then take the limit ¢ — 0, we obtain the following results:

2 3 2
N = (%— 1) becomes — i wherea? = 1 -—%, (2.12)
w . © .
o_ becomes ¥ (x—tay), o, becomes v (x+1ay), (2.13)
2. 2
(2.3) becomes%+a2% =0, (2.14)
and (2.6) becomes Y ~ —2—17-Ttan‘1 {w} near &, y,. (2.15)
) x+ oy x—toy
Finally (2.9) becomes ¥ = f* ((1_—“2);) +g* (-(1——7m62—);) ) (2.16)
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724 D. G. Hurley

where f* and g* are the functions of the arguments shown that result from the
analytic continuation of (2.9). In general, f* will not be the same function as f,
and g* will not be the same function as g.

Putting

¥ =zxla, Y=y (2.17)
transforms (2.14), (2.15) and (2.5) to
ey oy
5:;’5+8_x'_2- = 0, (2.18)
U~ — 2—17—Ttan“1 {y—,z—y—?} near x, i, (2.19)
8
and Yy=0 on ¢ (2.20)

respectively, where C” is the curve in the Ox'y’ plane into which the curve C'maps
under the transformation (2.17).

The problem of determining ¥ so that it satisfies (2.18)—(2.20) is simply that
of determining the potential flow due to a unit line source at (&, y5) in the presence
of the solid boundary €', and may be carried out in many cases by using confor-
mal representation. Let the complex velocity potential of the motion in the z’, %’
plane be w(x' +1iy’), so that (Milne-Thomson 1949, §5.14)

W= —%{w(x’+iy’)—w(x'-iy’)} (2.21)

_ —%{w (“;“y)—w(“’j—xmq)} (2.22)
using (2.17).

Since for a given w there is a unique way of expressing ¢ in the form (2.21),
a comparison of (2.22) with (2.16) shows that we have succeeded in determining f*
and g* uniquely.

Hence, to obtain the solution to the boundary-value problem posed by (2.3)-
(2.8), we have merely to obtain the solution (2.21) to a simple potential flow
problem, and then carry out in reverse the analytic continuation procedure
described above, to obtain the desired solution (2.9). The radiation condition
will be satisfied if the branches of the many-valued functions f and g are deter-
mined by replacing w by v+ i€, carrying out analytic continuation in = and y and
then taking the limit e—>0. We illustrate the method by considering the following
examples.

3. Source in a wedge

Consider a source in the wedge of stratified liquid shown in figure 2. The face
04 of the wedge coincides with the Ox axis and the face OB is inclined at an angle
0y toit. 0, may have any value between O and 27.

Asexplained in § 2, we first consider the case when w > N. The transformation
(2.17) maps the wedge in the Oxy plane into one in the Oxy’ plane having an

angle of 0% = tan—!(atan fyp), (3.1)
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F1gure 2. Source in wedge of stratified liquid.

and maps the source point to the point.

' =zxfa, Yy =y, (3.2)

By mapping the wedge-shaped region of the Z’ (= 2’ + ¢y’) plane onto the upper
half of the Z” plane by means of the transformation

Z" = Z'm03, (3.3)

we find that the complex velocity potential of the motion due fo a unit source at
the point (z,/e, y,) in the Z’ plane is

w= L log (2" 2) &'~ B} (34)

where the overbar denotes complex conjugate. Equations (2.21), (3.3) and (3.4)
give (Zmlo;g_ Z;ﬂ/ﬁjg) (Z;ﬂlﬁjg __Z;nlejg)
G2 77— )

Equations (3.5), (3.1) and (2.17) give ¥ in terms of z, y and 05 for the case w > V.
Equations (2.13), (2.17) and (3.1) show that, to carry out the analytic continua-
tion to determine the solution when w < N, we replace

(3.5)

¥ =;§-10g[

T

aZ’ b
Ty Y o
aZl (36)
= ¥ 7=
and n/0p by —2mifC, (3.7)
where C = log (i@i@), (3.8)
Zp+WYp

and the subscript B denotes values at any point on the face OB of the wedge (see
figure 2). Henece

_ i [ exp{—io}) (1 —exp{ —z‘as})}
V= 4 lo {(1—exp{—iaz})(l—exp{_i%}) ’ (3.9)
27 x+77y> 2 (x—ﬂ?/)
=—1 = —Jlogo
where e Og(xs+nys SR t) Py b (3.10)

_ 2w z+ Ny _2m (x—ny)
%= OIOg(xs-nys)’ =g log T+ NYs)
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Equation (3.9) agrees with Hurley (1970, (3.11)) if a minor error in the latter is
corrected: the 8in the denominator should be replaced by a 4. Thiserror does not
affect the subsequent analysis described therein.

4. Eigenfunctions for a circular cylinder

Consider a circular cylinder of radius @, whose surface is executing small oscil-
lations with time variation exp{ — iwf}. The stream function for the motion outside
the cylinder will be of the form (2.1), and must satisfy the radiation condition
and also the boundary condition

Y=F@0) on z=acosl, y=asind, (4.1)

where F is some function that depends on the nature of the oscillations.
When o > N, (2.17) maps the circle 22 + y2 = a? into an ellipse in the Z’ plane,
and, by using the Joukowski transformation
201 — 42\
Z" = %{Z’+ [Z'z-“_(—l-—“—)] } (4.2)

o2

it may readily be shown that the most general form for y, that represents motions
in which the fluid velocities decay at large distances, is

Y =aylogZ"+ Y a,Z" " +a,log Z" + Y, a, Z" . (4.3)
n=1 n=1

Using the results of §2, it is found that the analytic continuation of (4.3) for

w< Nis
_ 290 L L WD A Y L
30—0010%(7"‘[“2 1])+n§10”(a+[a2_1]
o_ [o2 H ® o [o2 H-n
+d010g (—-a—-l-liﬁ—l] )+n§1dn ('E‘-I'[—a—z——l:l ) s (4.4)

with [0% [a?— 1]¢ and [0% [a? — 1]} taking the values shown in figures 3 and 4.
The pressure p in the liquid may be obtained from the relations (see e.g. Hurley

1969) op o op o

3 = 1Py W o — é?_;

R L (49)

and the imposition of the condition

fﬁcpds =0 (4.6)

(where C is any closed contour surrounding the cylinder) shows that ¢, and d,
in (4.4) must satisfy the relation
Co+dy = 0. (4.7)

Hence the most general form for the stream function is

v = Sog [ )+ S (G [F1])

+né1d” (%+ [22:— 1]%)—". (4.8)
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Ficure 3. Values of (02 a2 — 1)} in 2%+ %% > a®
P denotes the positive real number |02 /a2 — t|4.

FI1GURE 4. Values of (62 fa?— 1)} in a2+ y? > a?

P denotes the positive real number |¢% ja? — 1|4,

On the surface of the cylinder,

2 3
%‘.{-[%—-1] =iexp{—i0+pu)} (4.9)
and %—i—[z—z—' 1]1}= sexp{i(0—p)},

80 that the expansion (4.8) is complete and unique.

The terms in the infinite series in (4.8) have been used by Barcilon & Bleistein
(19694, b), but their determination of the square roots was incorrect and as a
consequence the radiation condition was not satisfied (Baines 1971a).



728 D. Q. Hurley
r
y=h

////////////////////// [ L1/
c

D

f//T//T//7/6/ > X

\- V= .% exp{—iko_;
E I

F1GURE &. Model of continental shelf in z = x + 7y plane.

/
/]
/]

~

5. Theeffect of the continental shelf on a train of internal gravity waves
Suppose that the internal gravity wave

Y = Ulkexp{—iko_} (5.1)

is incident on the model of the continental shelf shown in figure 5. Here the line
y = h represents the surface of the ocean, and the half lines y = 0, x < 0 and
x = 0,y < 0the continental shelfitself. On each of these lines the normal velocity
must be zero (Phillips 1966, p. 165). The group velocity of the incident wave is
in the direction of the arrow in the figure. Let

V= Vi, (5.2)

so that i’ is the disturbance stream function, which were present as a distribution
of sources (Green’s functions) along OF, OD and DC, of such a strength as to give
zero total normal velocity thereon. Thus
0
Y’ =—2iUcosp ( exp{ —iky cos u} Gor(, y; y.) dy,

0
+ 20U sin,uf exp{ — itk sin p} Gople, y; x,) da,

—2%U sinﬂfm exp{—ik(z,sin g+ h cos p)} Qpolx, y; x,) de,  (5.3)

where Gop, Gop and Gp are the Green’s functions for sources of unit strength
on O, OD and DC, respectively, with each of these lines a streamline.

To determine the s we first consider the case w > N. It follows from (2.17)
that the boundaries in the Z and Z’ planes are the same; and an application of the
Schwartz—-Christoffel theorem shows that the appropriate region of the Z’ plane
is mapped onto the upper half of the Z” plane in the manner shown in figure 6,
by the transformation

2ih 1+4-32"%

h
iy Al ST i B
z — 2"+ log T, (5.4)
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Figure 6. Z” = 2" +4y” plane.

where Z"} has its principal value and

. //%
log1—+—l.£——>iﬂ as Z" > 4o0.
1—1Z"%

For a unit source at the point that maps to Z; we have
1 " 1 7 7
w =~ {log (2" Z) (2"~ 2]} (5.5)

w(Z') is given implicitly by (5.4) and (5.5), w(Z') by their complex conjugates and
each of Gy, Gopand G by the limit as Z, approaches the appropriate boundary
of

G = ‘% (w(Z')—w(Z)}. (5.6)

For the case w < N, (2.13), (5.4) and (5.5) show that

1 " " " "
w = —5_log{[Z}(7,) = Z4(01)][Z5(04) — Z2(a )]}, (5.7)

—_— 1 1" L " "
W= — %log {[Z (o) —Z (c_)][Z (o ) - Z (0,41}, (5.8)

where the function Z’ (t) is defined implicitly by

2 & _ . o ppitl
U+, =2k By L4240 (5.9)

7 T T o1 sz

and the function Z” (t) by
2 1 . «rrnd
(L+o2t, 2k 0y by 14027

) m TPz (5.10)
G is still given by (5.6). Hence
¥ =y (o)+P (o), (5.11)
where
B U cos 0 . 1" "
Yiloy) = ——Zﬂ_ﬂ f_ exp{—iky,cos utlog{[Z} (o,) — Z' (—y,cos u)]
x [Z(0,)—Z" (y,cos )]} Ay,
; 0
- U:?'“ f exp { —ikx sinp}tlog {{Z% (o,) — Z" (x,sin p)]
x[Zy(0,) ~ 2" (x,5in )]} da,
USin/I; © . . ” ” :
+— exp{—ik(x,sinpu+hcos u)}log {[Z] (0,) — Z (xs8in g — h cos p)]

x [Z' (o) —Z" (x,sinp + b cos p) ]} dz,,  (5.12)



730 D. G. Hurley

and
yi(o) =~ v Z?TS” ffmeXP {—thkyscosp}log{[Z”(o_) — Z (y,cos p)]
e g o < 122(0) = 2= yucos )y,
+— 0 f_ OOexp {—ikx sin p}log{[Z"(0_) — Z”(x,sin p)]
X [2" ()~ [ 2!, (w,sin )]} dz,
- Uzi:,u,f‘”m exp{—ik(zx sinp+hcospu)}log{(Z” (o_)

—Z" (x sinp+hcosp)|[Z! (0 ) — 2" (x,sinp—hcos p)]}da,.  (5.13)

5.1. The functions Z' (o ,) and Z"(o_)
It follows from (5.9) and (2.7) that, when Z”_ is real and positive,

g4 1 "} —1 vk

= _{Z"% — 1 5.

2k cos § 7r{ = tanT 225, (5-14)
where Z"? is real and positive. Thus, in o, > 0, Z’, is a real-valued monotonic
function, and its values are given in figure 7. When o is small,

%
er:{ 3770'+}

2hcosp) ’
and, when the line o = 0 is crossed from o, > 0 to o, < 0, amp o, increases by
7 (Hurley 1969). Hence, when o, is a small negative quantity amp Z’ = 27/3.
It follows from (5.9) that, when o is real negative, Z' is the complex-valued
function defined by

(5.15)

Z" =rexp{i6}, 2u[3 < 6 < 4m/3, (5.16)
where 7= __1+2?%Sin0/2{1+exp{—4r‘stn(9/2}}, (5.17)
1 —exp{—4rtsin 62}
o _ 1[4  14ao—p2ricosd)2
and Shoos ﬂ{?’ cos 0/2 — }tan — (5.18)
Also, Z"% = rrexp{i[2). (5.19)

Numerical values are shown in figures 7 and 8. When o is negative, Z{ is a peri-
odic function with period 2 A cosp, and, as o is decreased by this amount, the
contour I" shown in figure 8 is described once in the positive sense.

To discuss Z” we need to consider separately the three regions into which the
physical planeis divided by its boundaries and theline o_ = 0. These are shown in
figure 9.

Inregion I, o_is negative and Z! is the real, positive monotonic function de-
fined by

o 1
—2hcosuy

(Z" —tan=1 2"}, (5.20)

where Z"% is real and positive.
Equations (5.14) and (5.20) show that the value of Z” (o_) for points in region I

are given by Z"(—s) = Z".(s) (s> 0). (5.21)
Also, Z¥(—s) = Z"¥s) (s> 0). (5.22)



Steady-state internal gravity wave problems

4W_

34
24 z
ImZ” 1
ImZ; N
Ty
—1 Zhcosu |
1
0 05
ReZ’, L
—2
F1eure 7. Values of function Z/, (o).
I‘ |
—025
—05 —~0-01
- + + ;
~1 ~1 —08 ~04
6 1-2 —099
—075
Rel,
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Im¢,

By examining the behaviour of Z” (o _) near its branch points, we may determine
its values throughout regions IT and IIT of figure 9, and establish the following

relations. For points in regions IT and ITI,
Z"(s+2hcos ) = Z' (s)

and

(—o0 < s <),
Zﬁ*}(s+2kcos,u) = _Z’J’}(S) (—o0 < 8 < ).

(5
(5

23)
24)
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I

[T

Fioure 9. Definition of regions I, IT and III.

5.2. Simplification of the solution (5.12) and (5.13)

Each of the terms in (5.12) and (5.13) has branch points for certain values of o,
and o_. The appropriate indentations around them may be found by the method
given in §2. Also, various terms in each equation may be combined, and, making
use of (5.21) and (5.23), we find that

Vi) =5 | Coxp (ikt}log [21(7,) ~ 2L 0]

0
+% exp { —ik(t + 2k cos u)}log [Z' (o) — Z" ()] dt

—2hcospu
+ %f exp { —ik(t+2h cos p)}log [Z/ (o, ) — Z" (£)] dt, (5.25)
0
and

Yl(o) =~ % exp{—tko_}Hy(—0_)

U (= . "
-~ —2;.{0 exp {tkt}log [Z" (o_)— 2" (t)] di

0
—% exp{—ek(t + 2k cos u)}log [Z” (o_) — Z' (t)] dt

—2hcosp
_%f exp{—ik(t +2hcos p)}log [Z”(c )~ Z',(1)] i, (5.26)
0

where Hy(—o_) in the first term of (5.26) denotes the Heaviside step function,
the subscript II having been added to denote that it is non-zero only for o_
negative and in region II of figure 9. Details of the integration paths for the vari-
ous terms in (5.25) and (5.26) are given in table 1.

Let Z, (2_}%/;) = Z"(c,) (5.27)
and . (2_}5%;/;) =Z" (o). (5.28)
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Term Branch point(s) of integrand Sense of indentation
1stin (5.25) o.ifo, >0 Below
2nd in (5.25) 0,+2Mheos pif o, < 0 (See caption) Above
3rd in (5.25) o,ifc, >0 Above
o_if o < Oand o_in region I
2nd in (5.26) [of figure 9 [I]if)l(;:‘;;
2hcospu—o_ifo_> 0 1
3rd in (5.26) o_of 2Nhcos pif o_ < 2hcos u [Below {0 < o < 2hoos
and o_ not in region I of Above if o < 6 #
figure 9 (See caption) 1 © -
o_ifo_>0
4th in (5.26) [2h cosp—o_ifo_in [ if)lg:‘;
1region I of figure 9 ‘l

TasLE 1. Indentations for the integration paths in (5.25) and (5.26). M is thenon-negative
integer such that —2hcos g < 0, +2Mhcospy < 0 when o, < 0, and N is the non-negative
integer such that 0 < o_+ 2Nhcos i < 2k cos g when o_ < 2k cos fi.

Then, from (5.9) and (5.10),

g% - Z;i Z%: = —2771—&@:, (5.29)
and differentiation of (5.25) gives
dyr’, _ U(1+§+){f°° exp {iks}ds +f0 exp{—tk(s+ 1)}ds
d0'+ g_i{_ 0 €+(0':|-)'"€+(3) -1 €+(0':L)_€+(3)
exp{—ik(s+1
*J, e ) @
where o', = o, [/(2hcos p), (5.31)
and K = 2khcos p. (5.32)

The integrals in (5.30) are transformed as follows. The integration path for the
first term is displaced to the positive imaginary axis, and the integration path
for the third term to the negative imaginary axis. In the second term the variable
of integration is changed to {, (s), so that the integration path becomes the closed
contour I' (shown in figure 8) but is deseribed in the negative sense. This path is
then displaced to the interval (—1, 0) of the real axis described twice. These
transformations in conjunction with a similar treatment of (5.26) lead to the
following equation for the fluid velocity V:

V = Reflected waves
U, (1+¢.(ay ). [ exp{—Kr}dr exp{ Kr}dr
(o)) ” G —an P @K}f ACAE Ay
; . 1 — 7\ Kl2r 2
epexp (=i et e
Ue_(1+¢ (o)) exp{— Kr}dr exp{ Kr}dr
) ”om =L, P ZIN L) =C=)

3 ) 1—r\Ki2m T3dT
+7—T(exp{—zK}—1 f exp{KT/n}( ) =75 (§_(0L)+72)}‘

(5.33)



734 D. G. Hurley

Im §+(i7')

01

0-02
I 1 J

—4 -2 0 1
Re . (in)
Ficure 10. Trace of the funetion §, (i7) in the Argand diagram.
The numbers on the curve denote values of 7.

Here &. and &_ are unit vectors in the directions exp {ix} and exp {i(m— p)}
respectively and the reflected waves are those that are obtained using the laws
of reflexion for infinite plane surfaces (Phillips 1966, p. 176). Also,

o =o_[(2hcosp), (5.34)
and &, (¢7) and §,(—i7) are the analytic continuations of the function ¢, defined
by (5.27) onto the positive and negative imaginary axes, respectively. £, (—1i7)
is the complex conjugate of {,(¢7), whose trace in the Argand diagram is shown in
figure 10.

5.8. Discussion of solution

Equation (5.33) gives the fluid velocity as the sum of the reflected and the dif-
fracted waves. Since the former gives zero normal velocity on the boundaries, so
too should the latter. The form of (5.33) in conjunection with (5.21) to (5.24) shows
that this is in fact the case.

We now show that our solution satisfies the radiation condition in the
shadow zone above the continental shelf. The stream function i for the total
motion is given by (5.2), (5.11), (5.25) and (5.26). The first term of (5.26) cancels
¥, in the shadow zone, and it follows from these equations, §5.1 and table 1
that in this zone ¥ must be of the form F(o,)— F(o_) for some F. Also, here
Z”(c_) and Z’ (0_) are periodic functions with period 2k cos g, so that

v = 3 0 foxp| o) —exp | o], (5.35)
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Ficurg 11. The lines in the physical plane on which ¢, or {_ vanish, and near which the
velocities in the diffracted waves are significant when K = 2kh cos p is large.

1 2hcos , ’i’IL7T0'+
where O,n = m fo 7,Zf+(0’+) exp {k COS/,L} d0’+. (536)
Using (5.9) and (5.31), (5.36) can be written as
U (1-igh s
C, = %431' (1 +i§$) exp{2in{% } T 1/f+ dg.., (5.37)

where I is the contour shown in figure 8, indented in such a way that the branch
pointsat{, = Oand Z. = Z', (¢) (see (5.25))lieoutside it. In this expression, §_J{ =1
at {, = — 1, so that the integrand has a pole of order » + 1 at this point when n
is positive, and is regular there when » is negative. Thus

C,=0, n<0, (5.38)

sothat ¥ =n§10n {exp {TZ(%%} —exp {TZ-LO—Z(-TIM—“}}; (5.89)
and the €, may be calculated from (5.37) using the calculus of residues. Equation
(5.39) expresses i as the sum of waves moving to the left, so that the Sommer-
feld radiation condition is satisfied in the region above the continental shelf,

When X is large, the major contributions to the integrals in (5.33) are obtained
from small values of 7, so that, by (5.15) and (5.31), the approximations

g.(i7) = (3n)texp{in[3} and &.(—i7) = (3n7)texp{—in/3}

may be used therein. It is then apparent that the velocities in the diffracted
waves will be significant only near the lines on which either {, or {_ vanishes.
These are shown in figure 11, and are (as expected) the edges of the reflected
waves. Also, if we express the velocities in the diffracted waves in the form

UV, pe )6, +UV_ple)é_, (5.40)
then near the line o_ = 0 we find that
i )__ +i6_ U‘w exp{— Kr}dr _ (*exp{—Kr}dr
P T sn(—oL o (—al i —rhexp{in/3} Jo (—ol)F+7t

. exp{— Kr}dr ©exp{— Kr}dr
+exp{——zK}[ 0 (~0L)§—7§exp{—iﬂ/3}+ 0 (—o-'_)?f-H%]}' (6.41)
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Fieure 12. Values of the diffracted velocity V_p at various points on a line such as 44°
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Fiecure 13. Instantaneous streamlines for K = 1. (a) Lines on which the real part of ¢ is
constant. (b) Lines on which the imaginary part of  is constant.

Referring to Hurley (1970), we see that the first and second terms in (5.41)
give the diffracted waves that occur when the wave i, is incident on the corner
at O in the absence of the boundary at y = &, and that the third and fourth terms
give the diffracted waves that would occur if the wave reflected from the bound-
ary y = h were incident on the corner at O in the absence of the boundaryaty = A.

Figure 12 gives values of V_;, for various values of K (defined by (5.32)) for
points on a line such as 44’ shown in the insert of figure 12 (a¢). When X is large,
V_p is significant only when o’ is nearly zero or unity (figure 12(f)). As K is
decreased, the regions in which V_j is significant increase, and for K less than
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Ficure 14. Energy flux above continental shelf.

about two it is significant throughout 0 < ¢_ < 1. In the limit X — 0 it may be

shown analytically that Vi, 0<o <1,

-0, o_<0, o_>1. (5.42)
This behaviour is apparent in the results for K = 0-2 (figure 12 (a)). It is interest-
ing to note that the velocities given in (5.42) are minus the corresponding limiting
velocities in the incident plus reflected waves. Hence, in the limit X — 0, the
total fluid velocity tends to zero.

The instantaneous streamlines for the case K = 1 are shown in figure 13. The
fluid velocity is infinite along each of the characteristics that pass through the
corner O, and this leads to their being tangential to these characteristics either
with a point of inflexion or with a cusp there, depending on whether or not the
fluid velocity changes direction as the characteristic is crossed (see also figure 12).
The most noticeable feature in the region above the continental shelf is the
cellular nature of the instantaneous streamlines. Of course, our solution, which is
based on the linearized equations of motion, is invalid near the characteristics
on which it is singular, but it seems unlikely that this local breakdown will
influence greatly the main features of the flow (Robinson 19705).

By using the method of Hurley (1970) it may be shown that the ratio of the
mean energy flux (in the horizontal direction) above the continental shelf Py to

the mean energy flux P, in the incident wave between ¢ = O and ¢’ = 1 is
%g =1 +J {K[uv=D —u Dy + 4D cos Ko’ —vVsin Ko'_]
I 0

—usin Ko’ —vcos Ko }do, (5.43)
where V_p = u+1v,

’

[ ol
D = J wdo’  and oV = j vdo! . (5.44)
0 0

Numerical values are given in figure 14. When K is large, the diffracted waves are
unimportant, and all the incident energy is transmitted above the shelf. As K
decreases, the fraction that is transmitted decreases monotonically to zero.
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